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For a three-electron system with finite-strength interactions confined to a one-dimensional har-
monic trap, we solve the Schro¨dinger equation analytically to obtain the exact solutions, from which
we construct explicitly the simultaneous eigenstates of the energy and total spin for the first time.
The solutions for the three-electron system allow us to derive analytic expressions for the exact one-
particle Green’s function (GF) for the corresponding two-electron system. We calculate the GF in
frequency domain to examine systematically its behavior depending on the electronic interactions.
We also compare the pole structure of non-interacting GF using the exact Kohn–Sham (KS) poten-
tial with that of the exact GF to find that the discrepancy of the energy gap between the KS system
and the original system is larger for a stronger interaction. We perform numerical examination
on the behavior of GFs in real space to demonstrate that the exact and KS GFs can have shapes
quite different from each other. Our simple model will help to understand generic characteristics of
interacting GFs.
I. INTRODUCTION
An interacting two-electron system confined to a three-
dimensional harmonic trap, called a harmonium[1–4],
has been studied intensively since the Schro¨dinger equa-
tion for this real-space model is analytically solvable[2]
for a particular set of the confinement strength. This
model is interesting not only from a theoretical view-
point, but also from a practical viewpoint because of the
recent progress of fabrication techniques to realize arti-
ficial many-electron systems such as quantum dots and
confined ultracold atoms.[5] Even such simple systems
are known to provide insights into electronic correlation
effects that cannot be captured in single-particle picture.
For quantitative description of realistic systems, on the
other hand, electronic-structure calculations via solving
the Kohn–Sham (KS) equations based on the density
functional theory (DFT)[6, 7] have been successful for
a large part of target materials. It is known, however,
that DFT calculations often fail to explain the proper-
ties of strongly correlated systems even qualitatively. To
remedy this drawback, various approaches have been pro-
posed. There exist such approaches based on the Green’s
function (GF) theory, including GW approaches.[8–10]
The GF-based prescriptions often use the non-interacting
electronic states obtained in DFT calculations as refer-
ence states for the construction of interacting GFs. Since
the foundation of DFT ensures the correctness only of
the calculated electron density and total energy of an
interacting system even if we knew the exact exchange
correlation functional, it is useful to have a simple many-
electron model which enables one to calculate the exact
GF and compare it with the one constructed via the DFT
calculation.
Photoelectron spectroscopy has become an active re-
search field today. Measurements of photoelectron spec-
tra performed in various ways such as angle-resolved
photoemission spectroscopy (ARPES) for clarifying the
properties of materials. The measured spectra are of-
ten explained under a certain assumption via the one-
particle GF of a many-electron system.[11–13] The clear
understanding of the characteristics of GFs is thus impor-
tant not only for theoretical studies, but also for practical
studies in material science. The calculation of GFs in the
context of explicitly correlated electronic-structure calcu-
lations for realistic systems has been drawing attention
recently.[14–16]
Given the progresses on the theoretical and experimen-
tal studies outlined above, one notices that it is worth
finding a new exactly solvable many-electron model in
real space and proposing a minimal model for an ex-
act interacting one-particle GF. In the present study,
we obtain the exact solutions of the Schro¨dinger equa-
tion for a three-electron system with finite-strength inter-
actions confined to a one-dimensional trap, from which
we construct explicitly the simultaneous eigenstates of
the energy and total spin for the first time, to our best
knowledge. In addition, we provide the exact one-particle
GF of the corresponding two-electron system and com-
pare it with that in the KS system. Analytic solutions
for an arbitrary number of confined spin-1/2 fermions
with delta-type interactions in the strong-interaction
limit have been obtained by employing a group-theoretic
approach.[17] Numerical solutions for such fermions with
particle numbers more than two have also been reported
for finite-strength interactions.[18] There exist various
theoretical studies on confined interacting particles in the
2context of one-dimensional Fermi gases.[5]
This paper is organized as follows. In Section II, we
provide the analytic solutions of the Schro¨dinger equation
for the interacting three-electron system, from which we
construct the eigenstates of the energy and total spin.
In Section III, we derive the exact expressions for the
one-particle GF of the two-electron system and perform
numerical calculations to examine the behavior of the
GFs. In Section IV, the conclusions are provided.
II. EXACT SOLUTIONS OF SCHRO¨DINGER
EQUATIONS
A. One-electron system
The Hamiltonian for an electron confined to a one-
dimensional harmonic trap V0(x1) = meω
2
0x
2
1/2 with its
strength ω0 is H
HO(x1;me, ω0) = −1/(2me)∂2/∂x21 +
V0(x1). me is the electron mass. The orthonormalized
energy eigenfunction is given by ψn(x1) = ψ
HO
n (x1; ℓ) ≡
1/[ℓ1/2(2π)1/4
√
2nn!] exp(−x21/4)Hn(x1/
√
2), where ℓ ≡
1/
√
2meω0 is the typical length scale and x1 ≡ x1/ℓ is the
dimensionless coordinate. Hn(x1) is the Hermite poly-
nomial. The energy eigenvalue for the quantum num-
ber n is E
(1)
n = ω0(n + 1/2), as found in textbooks
of quantum mechanics. The corresponding wave func-
tion (WF) for an electron is given by ΨSzn (x1, s1) =
ψHOn (x1/ℓ; ℓ)χ
S=1/2,Sz(s1). χ
S=1/2,Sz is the spin WF
with χ1/2,1/2(s1) = α(s1) and χ
1/2,−1/2(s1) = β(s1).
B. Two-electron system
The Hamiltonian for the confined interacting two elec-
trons considered in the present work is
H(2) = HHO(x1;me, ω0) +H
HO(x2;me, ω0)
+v(x1 − x2), (1)
where
v(x) = −meω
2
0Λ
2
x2 (2)
is the repulsive interaction between the electrons.
The dimensionless parameter 0 ≦ Λ ≦ 1/3 mea-
sures the strength of interaction. This model has
been studied intensively.[19–22] The variable transfor-
mation for the center-of-mass coordinate x+ ≡ (x1 +
x2)/2 and the scaled relative coordinate x− ≡ (x1 −
x2)/
√
2 decouples the interacting Hamiltonian into two
Hamiltonians for independent harmonic oscillators as
H(2) = HHO(x+;M2, ω0) + H
HO(x−;me, ωr), where
M2 ≡ 2me and ωr ≡
√
1− 2Λω0 ≡ λ2ω0. The
solution for the center-of-mass motion is ψcnc(x+) =
ψHOnc (
√
2x+/ℓ; ℓ/
√
2) and that for the relative motion is
ψrnr(x−) = ψ
HO
nr (
√
λ2x−/ℓ; ℓ/
√
λ2). With the quantum
numbers nc and nr, the energy eigenvalue for the whole
system is given simply by the sum of two energy eigen-
values for the two oscillators:
E(2)ncnr = ω0
(
nc +
1
2
)
+ λ2ω0
(
nr +
1
2
)
, (3)
whose corresponding normalized spatial WF is
Ψncnr(x1, x2) = 2
1/4ψcnc(x+)ψrnr(x−). (4)
The Fermi statistics forces the two-electron WFs for the
energy eigenstates to be in the following two forms:
ΨSz=0ncnr (x1, s1, x2, s2) = Ψncnr(x1, x2)χ
0,0(s1, s2) (5)
with an even nr for a spin-singlet state and
ΨSzncnr(x1, s1, x2, s2) = Ψncnr(x1, x2)χ
1,Sz(s1, s2) (6)
with an odd nr for spin-triplet states. χ
S,Sz(s1, s2) is the
spin WF for two electrons having the total spin S and
its z component Sz. The ground state is non-degenerate
and its WF is given by
Ψ(2)gs (x1, s1, x2, s2) = Ψ
S=0,Sz=0
00 (x1, s1, x2, s2) (7)
with the energy eigenvalue E
(2)
gs = E
(2)
00 .
C. Three-electron system
1. Variable transformations
Calogero[23] provided the exact analytic solutions for
an interacting spinless three-particle system confined to
a one-dimensional trap. In the present study, we adopt
his approach to obtain the solutions for a three-electron
system necessary for deriving the expressions for the GF
of the two-electron system.
The Hamiltonian for the interacting three-electron sys-
tem we have to consider is
H(3) = HHO(x1;me, ω0) +H
HO(x2;me, ω0)
+HHO(x3;me, ω0)
+v(x1 − x2) + v(x2 − x3) + v(x3 − x1). (8)
The energy eigenstates of this system are necessary
for the calculation of GF for the two-electron sys-
tem described above. The interactions considered by
Calogero[23] was inverse-quadratic interactions in addi-
tion to those present in eq. (8).
It is appropriate to perform the two successive variable
transformations. The first one is (x1, x2, x3)→ (X, x, y):
X ≡ 1
3
(x1 + x2 + x3) (9)
x ≡ 1√
2
(x1 − x2) (10)
y ≡ 1√
6
(x1 + x2 − 2x3), (11)
3which are called the Jacobi coordinates. The second one
is (X, x, y)→ (X, r, φ):
r ≡
√
x2 + y2 (12)
φ ≡
{
arctan xy (x ≧ 0)
arctan xy + π (x < 0)
, (13)
where we define the range of arctan as 0 ≦ arctan < π. φ
is the angle between the y axis and the line connecting the
origin and (x, y), so that x = r sinφ and y = r cosφ. By
using the transformed variables, the Hamiltonian in eq.
(8) are rewritten as H(3) = HHO(X ;M3, ω0)+Hrad(r, φ),
where
Hrad(r, φ) ≡ − 1
2me
[
∂2
∂r2
+
1
r
∂
∂r
− L(φ)
r2
]
+
meω
2
0λ
2
3
2
r2,
(14)
L(φ) ≡ −∂2/∂φ2,M3 ≡ 3me , and λ3 ≡
√
1− 3Λ. For
Λ > 1/3, such strong repulsive interactions do not allow
the three electrons to form a bound state.
φ(x1, x2, x3) ≡ φ(123) is anti-symmetric under the ex-
change of x1 and x2 [see eqs. (10)-(13)]. In addition, as
proved in Appendix B, φ(123) and those with permuted
x1, x2, and x3 are related via the following relations:
φ(231) = φ(123) +
2π
3
, φ(312) = φ(123) +
4π
3
. (15)
2. Spatial wave functions
The Hamiltonian in eq. (14) suggests the solu-
tion for the spatial WF of the form Ψ±(x1, x2, x3) =
ψHOk (
√
3X/ℓ; ℓ/
√
3)R(r)Φ±m(φ) , where Φ
+
m(φ) =
cos(mφ)/
√
π for m = 0, 1, . . . and Φ−m(φ) = sin(mφ)/
√
π
for m = 1, 2, . . . . Substitution of this WF into the time-
independent Schro¨dinger equation H(3)Ψ± = E(3)Ψ±
with the Hamiltonian in eq. (14) leads to the following
eigenvalue equation that has to be satisfied by R(r):[
− 1
2me
(
d2
dr2
+
1
r
d
dr
− m
2
r2
)
+
meω
2
0λ
2
3
2
r2
]
R(r) = ErR(r)
(16)
Er ≡ E(3) − Eck and Eck ≡ ω0(k + 1/2) is the con-
tribution from the center-of-mass motion to the total
energy. We assume the decaying solution of the form
R(r) = rm exp(−r2/2)u(r) using the dimensionless coor-
dinate r ≡
√
λ3/2(r/ℓ) and substitute it into eq. (16) to
obtain the following equation:
2ρ
d2u
dρ2
+ 2(m+ 1− ρ)du
dρ
+
(
Er
λ3ω0
−m− 1
)
u = 0,
(17)
where ρ ≡ r2. In order for u to be bounded when ex-
pressed in a series of ρ, the series has to be truncated
at a some order n. This condition leads to the eigen-
value as Ernm = λ3ω0(2n +m + 1). The solution of eq.
(17) for the eigenfunction unm belonging to Ernm is the
associated Laguerre polynomial Lmn (ρ), with which the
solution of the radial equation in eq. (16) is then
Rnm(r) =
√
2
√
3n!
(n+m)!
√
λ3
ℓ
rme−r
2/2Lmn (r
2), (18)
having the normalization constant for the condition in
eq. (A2).
Gathering the solutions derived above, we obtain the
expression for the explicitly correlated spatial WF
Ψ±knm(x1, x2, x3) = ψ
HO
k
(√
3
ℓ
X ;
ℓ√
3
)
Rnm(r)Φ
±
m(φ)
(19)
and its corresponding energy eigenvalue
E
(3)
knm = ω0
(
k +
1
2
)
+ λ3ω0(2n+m+ 1), (20)
characterized by the three quantum numbers. We should
keep in mind that, at this point, neither the Fermi statis-
tics nor the spin states have been taken into account.
3. Spin wave functions
Taut et al.[24] constructed approximate three-electron
WFs including spin parts for an interacting three-
dimensional system for the perturbative analyses of cor-
relation effects. The construction of eigenstates for two-
spin states is straightforward, as widely instructed in
textbooks of quantum mechanics and solid-state physics.
The situation is, however, become complicated when
there exist three spins in a target system. Taut et al.
provided the eigenstates of total spin of the three elec-
trons explicitly by using the representation matrices of
permutations. We adopt their manner for the construc-
tion of the three-electron WFs in the present study.
The following four linear combinations of the 23 = 8
bases for spin WFs form the spin quartet (S = 3/2)
states:
χ3/2,3/2(s1, s2, s3) = α(s1)α(s2)α(s3) (21)
χ3/2,1/2(s1, s2, s3) =
1√
3
[α(s1)α(s2)β(s3)
+α(s1)β(s2)α(s3) + β(s1)α(s2)α(s3)] (22)
χ3/2,−1/2(s1, s2, s3) =
1√
3
[β(s1)β(s2)α(s3)
+β(s1)α(s2)β(s3) + α(s1)β(s2)β(s3)] (23)
χ3/2,−3/2(s1, s2, s3) = β(s1)β(s2)β(s3). (24)
It is obvious that these spin WFs are symmetric under
the exchange of an arbitrary two spin variables. When
4a spatial WF f(x1, x2, x3) ≡ f(123) is given, one can
easily construct the corresponding three-electron WF for
S = 3/2 state as
f3/2,Sz(x1, s1, x2, s2, x3, s3)
= χ3/2,Sz(s1, s2, s3)Af(x1, x2, x3), (25)
where the anti-symmetrization symbol A acts as
Af(123) ≡
∑
σ
sgn(σ)Pσf(123)
= f(123)− f(213)− f(132)
−f(321) + f(231) + f(312). (26)
σ is an element of the set
{1, (1, 2), (2, 3), (1, 3), (1, 2, 3), (1, 3, 2)} of permuta-
tions for {1, 2, 3} and Pσ is the corresponding operator
for the three variables. The WF in eq. (25) is clearly
anti-symmetric under an arbitrary exchange of two
electrons.
The remaining four spin bases form two doublets for
spin singlet (S = 1/2) states:
χ
1/2,1/2
1 (s1, s2, s3) =
1√
6
[−α(s1)β(s2)α(s3)
−β(s1)α(s2)α(s3) + 2α(s1)α(s2)β(s3)] (27)
χ
1/2,−1/2
1 (s1, s2, s3) =
1√
6
[β(s1)α(s2)β(s3)
+α(s1)β(s2)β(s3)− 2β(s1)β(s2)α(s3)] (28)
as the first one and
χ
1/2,1/2
2 (s1, s2, s3)
=
1√
2
[α(s1)β(s2)α(s3)− β(s1)α(s2)α(s3)] (29)
χ
1/2,−1/2
2 (s1, s2, s3)
=
1√
2
[−β(s1)α(s2)β(s3) + α(s1)β(s2)β(s3)] (30)
as the second one.[24] χ
1/2,Sz
1 (χ
1/2,Sz
2 ) is symmetric (anti-
symmetric) under the exchange of s1 and s2, whereas it
is not symmetric (anti-symmetric) under the other ex-
changes. In fact, construction of a spin eigenstate of
S2 and Sz for three electrons that is symmetric or anti-
symmetric under an arbitrary exchange is impossible.
χ
1/2,Sz
1 and χ
1/2,Sz
2 for a given Sz are mixed with each
other when a permutation operation is applied to the
spin variables. Specifically, for a permutation σ, the ac-
tion of its corresponding operator to an S = 1/2 state is
expressed as
Pσχ1/2,Szj (s1, s2, s3) =
∑
j′=1,2
χ
1/2,Sz
j′ (s1, s2, s3)(Pσ)j′j
(31)
for j = 1, 2 with the representation matrices Pσ[24]:
P1 =
(
1 0
0 1
)
, P(1,2) =
(
1 0
0 −1
)
,
P(2,3) =
1
2
(−1 √3√
3 1
)
, P(1,3) =
1
2
( −1 −√3
−√3 1
)
,
P(1,2,3) =
1
2
( −1 √3
−√3 −1
)
, P(1,3,2) =
1
2
(−1 −√3√
3 −1
)
.
(32)
When a spatial function f is given, these matrices enable
one to construct the three-electron WFs for S = 1/2
states as
f1/2,Sz,j(x1, s1, x2, s2, x3, s3)
=
∑
j′,σ
χ
1/2,Sz
j′ (s1, s2, s3)sgn(σ)(Pσ)j′jPσf(x1, x2, x3),
(33)
apart from an appropriate normalization constant. One
can confirm that the WF in eq. (33) is anti-symmetric
under an arbitrary exchange of two electrons by using
the fact that the permutations form a group.
4. Simultaneous eigenstates of energy and spin
We are now prepared to construct the simultaneous
eigenstates of the energy, the total spin S, and the z
component Sz of total spin.
Since φ(123) is anti-symmetric under the exchange of
x1 and x2 as stated above, Φ
+
m(φ(123)) vanishes when A
is applied: AΦ+m(φ(123)) = 0, indicating that an eigen-
state for S = 3/2 cannot be constructed from the spatial
WFs in eq. (19) containing Φ+m. On the other hand,
the application of A to Φ−m(φ(123)) can generate a non-
vanishing function:
AΦ−m(φ(123))
= 2[Φ−m(φ(123)) + Φ
−
m(φ(231)) + Φ
−
m(φ(312))]
=
{
6Φ−m(φ(123)) (p = 0)
0 (p = 1, 2)
, (34)
where we express m = 3m′ + p with p = 0, 1, 2 and we
used eq. (15). We can thus construct the simultaneous
eigenstate of the energy, S = 3/2, and Sz by using eq.
(25) for Ψ−knm in eq. (19) with p = 0 (m = 3, 6, 9, . . . ) as
ΨSzknm(x1, s1, x2, s2, x3, s3) = Ψ
−
knm(123)χ
3/2,Sz(123).
(35)
For the construction of three-electron WFs for S = 1/2
states, we adopt eq. (33) for Ψ±knm by referring to the rep-
resentation matrices in eq. (32). The anti-symmetrized
WFs from Ψ+knm for j = 1 and that from Ψ
−
knm for j = 2
vanish: Ψ
1/2,Sz,1+
knm = Ψ
1/2,Sz,2−
knm = 0. On the other hand,
the anti-symmetrized WF from Ψ−knm for j = 1 can be a
non-vanishing function given by
5Ψ
1/2,Sz,1−
knm (x1, s1, x2, s2, x3, s3)
=
χ
1/2,Sz
1 (123)
3
√
2
[2Ψ−knm(123)−Ψ−knm(231)−Ψ−knm(312)] +
χ
1/2,Sz
2 (123)
3
√
2
[−
√
3Ψ−knm(231) +
√
3Ψ−knm(312)]
=

0 (p = 0)
[χ
1/2,Sz
1 (123)Ψ
−
knm(123)− χ1/2,Sz2 (123)Ψ+knm(123)]/
√
2 (p = 1)
[χ
1/2,Sz
1 (123)Ψ
−
knm(123) + χ
1/2,Sz
2 (123)Ψ
+
knm(123)]/
√
2 (p = 2)
, (36)
where we used eq. (15) and introduced a normalization
constant. Although the anti-symmetrized WF Ψ
1/2,Sz,2+
knm
from Ψ+knm for j = 2 can be non-vanishing as well, one
can confirm that it is the same WF as Ψ
1/2,Sz,1−
knm . The
simultaneous eigenstates of the energy, S = 1/2, and Sz
are thus constructed from Ψ±knm with p 6= 0 as
ΨSzknm(x1, s1, x2, s2, x3, s3)
= Ψ
1/2,Sz,1−
knm (x1, s1, x2, s2, x3, s3). (37)
We have constructed explicitly the simultaneous eigen-
states of the energy and total spin of the three-electron
system, as the first main result of the present study. The
simultaneous eigenstates for a non-interacting case are
provided in Appendix C.
5. Energy spectra
Some of the lowest eigenvalues E
(3)
knm in eq. (20) and
the corresponding three-electronWFs, the total spin, and
the degeneracy are shown in Table I. The ground states
are doubly degenerate S = 1/2 states, corresponding to
(k, n,m) = (0, 0, 1). The energy eigenvalues in Table
I as functions of Λ are plotted in Fig. 1. The energy
eigenvalues do not depend explicitly on the spin of the
three-electron state since the system is time-reversal in-
variant.
By comparing the energy eigenvalues for the interact-
ing case in Table I and those for the non-interacting case
in Table II, we find that the four-fold degenerate non-
interacting states with E(3)non−int/ω0 = 7/2 split into
the two doubly degenerate states when the interaction
is turned on. We find similarly that the ten-fold degen-
erate non-interacting states with E(3)non−int/ω0 = 9/2
split into the six-fold degenerate states and the two dou-
bly degenerate states when the interaction is turned on.
These observations corroborate our construction of the
simultaneous eigenstates of the energy and total spin for
the interacting system.
The electron density of the ground state for the three-
electron system is now available since we know the exact
WF, it will be interesting to compare the exact energy
spectra and those calculated within DFT.[25–30] We did
not adopt the so-called soft Coulomb interaction, which
TABLE I. Some of the lowest eigenvalues E
(3)
knm of the inter-
acting three-electron system. The three-electron wave func-
tions, the total spin S, and the degeneracy are also shown.
E
(3)
knm/ω0 Ψ
Sz
knm S degeneracy
1/2 + 2λ3 Ψ
Sz
001 1/2 2
1/2 + 3λ3 Ψ
Sz
002 1/2 2
3/2 + 2λ3 Ψ
Sz
101 1/2 2
1/2 + 4λ3 Ψ
Sz
003 3/2 4
ΨSz011 1/2 2
3/2 + 3λ3 Ψ
Sz
102 1/2 2
5/2 + 2λ3 Ψ
Sz
201 1/2 2
0
1
2
3
4
5
0 0.1 0.2 0.3

E
kn
m
 / 
0
(3
)
p = 1  
p = 0  
p = 2
(0, 0, 1)  
(0, 0, 2)  
(1, 0, 1)  
(0, 0, 3), (0, 1, 1)  
(1, 0, 2)
(2, 0, 1)
FIG. 1. Energy eigenvalues E
(3)
knm in Table I as functions
of Λ. For each of the curves, the corresponding quantum
numbers (k, n,m) are shown near it.
is often used in modeling one-dimensional systems[31],
since we let the analytical solvability come first. If we
resort to numerical solutions of the Schro¨dinger equation,
the soft Coulomb interaction allows us to study more
realistic models and to discuss the differences in WFs
and GFs from the present model.
